
Math 280Y: Arithmetic Statistics

Spring 2023

Problem set #1

due Friday, February 3 at 10pm

Problem 1. a) Describe an ordering inv : N Ñ R for which

PxPNpx evenq “ 0.

b) Order pairs px, yq P N2 by maxpx, yq. What is

Ppx,yqPN2pgcdpx, yq “ 1q?

Problem 2. a) We say that a partition of a set X has type pk1, . . . , krq

if it consists of r subsets of X of sizes k1, . . . , kr. Compute the number
of partitions of t1, . . . , nu of type pk1, . . . , krq.

b) Let X “ t1, . . . , nu and consider a group operation ¨ : X ˆ X Ñ X,
chosen uniformly at random. Show that there is a constant Cn such
that for all groups G of size n, we have

P¨ group operation on XppX, ¨q – Gq “ Cn ¨
1

#AutpGq
.

Problem 3. Let NpT q be the number of quadratic number fields K (up to
isomorphism) with | discpKq| ď T .

a) Show that for T Ñ 8, we have

NpT q „
ź

p

ˆ

1 ´
1

p2

˙

¨ T

b) Show that if we order the quadratic number fields by | discpKq|, then
for any odd prime ℓ,

PK quadratic number fieldpK ramified at ℓq “
1

ℓ ` 1
.
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Problem 4. a) Let f P ZrXs be a monic irreducible polynomial. Show
that

Ep primep#tx P Fp | fpxq “ 0uq “ 1.

b) Let n ě 2. Show that the number of squarefree monic polynomials
fpXq P FqrXs of degree n is qn´qn´1. (Hint: Every monic polynomial
apXq can be written uniquely as apXq “ fpXqgpXq2, where fpXq is
squarefree and both fpXq and gpXq are monic.)
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