
Math 223b: Algebraic Number Theory

Spring 2021

Problem set #7

due Monday, March 29 at noon

We assume that K is a number field throughout this problem set. Further-
more, E,E1, E2 are elliptic curves defined over K.

Problem 1. Let G be an abelian group and let f : G Ñ R be a function
satisfying the parallelogram law

fpx` yq ` fpx´ yq “ 2pfpxq ` fpyqq

for all x, y P G. Show that the map x¨, ¨y : G ˆ G Ñ R given by xx, yy “
1
2pfpx` yq ´ fpxq ´ fpyqq is bilinear.

Problem 2 (Kronecker’s theorem). Let P “ rx : ys P P1pQq. Show that
hpP q “ 0 if and only if rxn : yns “ r1 : 1s for some n ě 1.

Problem 3 (Northcott’s theorem). Let C be a smooth projective curve
(defined over K) and let ϕ : C Ñ C be a nonconstant morphism (defined
over K) of degree at least 2. We denote its n-th iterate ϕ ˝ ¨ ¨ ¨ ˝ ϕ by ϕn.
Show that there are only finitely many points P P CpKq such that for some
n ą m ě 1, we have ϕnpP q “ ϕmpP q.

Problem 4. Let φ : E1 Ñ E2 be a nonzero isogeny (defined over K). Show
that phpφpP qq “ degpφqphpP q for all P P E1pKq.

Problem 5. a) Show that the group EpKq is not finitely generated.

b) (bonus) Show that the Q-vector space EpKqbZQ is infinite-dimensional.
(Hint: Use the Chebotarev density theorem to find points P1, . . . , Pn

of the form Pi “ pxi : yi : 1q with xi P K and rKpy1, . . . , ynq : Ks “ 2n.
Show that they are linearly independent in EpKq bZ Q.)
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