
Math 223b: Algebraic Number Theory

Spring 2021

Problem set #6

due Monday, March 22 at noon

We assume that K is a number field throughout this problem set.

Problem 1. Let E be an elliptic curve over K and let P,Q P EpKq. Show
that hrQspP q «Q hrOspP ´Qq (where the difference bound depends only on
E and Q, but not on P ).

Problem 2. a) Show that for any T P R, there are only finitely many
points P P PnpKq with HpP q ď T .

b) Let NpT q be the number of points P P PnpQq with HpP q ď T . Show
that NpT q — T 2 for T Ñ8.

c) (bonus) Let NpT q be the number of points P P PnpKq with HKpP q ď
T . Show that NpT q —K T pn`1qrK:Qs for T Ñ8.

Problem 3. Let C be any smooth projective curve over Q of genus 0 with
CpQq ‰ H. Let ϕ : C Ñ Pn

Q be a closed embedding. Show that there is an

integer m ě 1 such that #tP P CpQq | HpϕpP qq ď T u — T 2{m for T Ñ8.

Problem 4. Consider a matrix M P GLn`1pKq. It induces an automor-
phism ϕ of Pn

K . Show that hKpϕpP qq —M hKpP q for all P P Pn
KpKq.

Problem 5. a) Prove Corollary A.2.9: Let f0, . . . , fm P KrX0, . . . , Xns

be homogeneous degree d polynomials, A “ Pn
KzV pf0, . . . , fmq the set

of points where f0, . . . , fm don’t all vanish, and let ϕ : AÑ Pm
K be the

morphism defined by f0, . . . , fm. Then hpϕpP qq Àf0,...,fm d ¨ hpP q for
all P P ApKq.

b) Prove Corollary A.2.10: Let f0, . . . , fm P KrX0, . . . , Xns be homoge-
neous degree d polynomials, W Ď Pn

K a variety with WXV pf0, . . . , fmq “
H, and let ϕ : W Ñ Pm

K be the morphism defined by f0, . . . , fm. Then
hpϕpP qq «f0,...,fm d ¨ hpP q for all P PW pKq.

Problem 6 (bonus). Let f, g P ZrX,Y s be nonzero homogeneous poly-
nomials of degree d and assume that every coefficient c of f or g satisfies
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|c| ď R. Assume that f and g have no common zero in P1pQq. Show that
for all x, y P Z with gcdpx, yq “ 1, we have gcdpfpx, yq, gpx, yqq ď p2dq! ¨R2d.
(Hint: Resultant.)
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