
Math 137: Algebraic Geometry

Spring 2021

Problem set #8

due Monday, April 5 at noon

(You can still submit solutions to the double bonus problem 3b from the
previous problem set.)

Problem 1. We call P P Kn a point of symmetry for a subset S Ď Kn if
the reflection 2P ´Q across P of any point Q P S lies in S. Show that any
nonempty algebraic subset S Ď Kn that doesn’t contain a straight line has
at most one point of symmetry.

Problem 2. Let ϕ : V ÑW be a dominant morphism between irreducible
algebraic sets. Assume that there is a nonempty Zariski open subset U of
W such that |ϕpwq| ă 8 for all w P U . Show that dimpV q “ dimpW q.

Problem 3. For r ď n, consider the set Vr Ď MnpKq of n ˆ n-matrices
of rank at most r. You’ve shown on problem set 3 that Vr is an algebraic
subset of MnpKq “ Knˆn. Show that its dimension is 2nr ´ r2.

Problem 4. Let V Ď Kn be an irreducible algebraic set and let P P Kn be
a point not contained in V . Show that the Zariski closure of the join of V
and tP u has dimension dimpV q ` 1.

Problem 5 (bonus). Let n ě 3 and 1 ď d ď 2n´4. Let f P KrX1, . . . , Xns

be a polynomial of degree at most d. Show that if V pfq Ď Kn contains a
straight line, then it contains infinitely many straight lines.

Problem 6 (bonus). a) Let V Ď Kn be an algebraic subset of dimen-
sion m. Let Pd Ă KrX1, . . . , Xns be the vector space of polynomials
of degree at most d and let Qd Ď ΓpV q be the set of restrictions of
elements of Pd to V . Show that there is a number C such that for all
d ě 1, we have dimKpQdq ď C ¨ dm. (Hint: Use a linear projection
arising from Noether normalization)

b) Let V1, . . . , Vm be any irreducible algebraic subsets of Kn of codimen-
sion at least 2. Show that there is an irreducible algebraic subset
W Ĺ Kn containing V1 Y ¨ ¨ ¨ Y Vm.
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