
Math 137: Algebraic Geometry

Spring 2021

Problem set #7

due Friday, March 26 at noon

Problem 1. Let V1, . . . , Vm Ď Kn be nonempty algebraic subsets. Show
that

dimpV1 Y ¨ ¨ ¨ Y Vmq “ maxpdimpV1q, . . . ,dimpVmqq.

Problem 2 (Compare Problem 1 on problem set 1). Let P1, . . . , Pm P Kn

(with m ě 1). Show that there are n polynomials f1, . . . , fn P KrX1, . . . , Xns

such that tP1, . . . , Pmu “ V pf1, . . . , fnq. (Hint: Use a projection and induc-
tion over n.)

Problem 3. a) Compute the join of the lines

V “ tpx, y, zq P K3 | y “ z “ 0u

and
W “ tpx, y, zq P K3 | x “ 0, z “ 1u

in K3. Is it Zariski dense in K3?

b) (double bonus) Show that there are one-dimensional irreducible alge-
braic subsets V,W Ď C3 whose join is C3.

Problem 4. Let n, d ě 1, let S Ď Kn be a finite set and let T be the
vector space of polynomials f P KrX1, . . . , Xns of degree at most d such
that S Ď V pfq.

a) Show that if |S| ě 1, then

dimpT q ď

ˆ

n` d

n

˙

´ 1.

b) Show that if |S| ě 2, then

dimpT q ď

ˆ

n` d

n

˙

´ 2.
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Problem 5. Let n ě 2 and d ě 1. Consider the vector space Fd – Kp
n`d
n q

of polynomials f in KrX1, . . . , Xns of degree at most d. Show that there is
a function 0 ‰ r P ΓpFdq (a polynomial in the

`

n`d
n

˘

coefficients of f) such
that rpfq “ 0 for all reducible polynomials f P Fd.

Problem 6 (bonus). Consider the algebraic set

W “ tpx, y, zq P K3 | x2 ` y2 ` z2 “ 1u,

the (dominant finite) projection ϕ : W Ñ K2 sending px, y, zq to px, yq, and
the subset

V “ tpx, y, zq PW | z3 ` x` 1 “ 0u.

Find a polynomial g P KrX,Y s such that ϕpV q “ tpx, yq P K2 | gpx, yq “ 0u.
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