
Math 137: Algebraic Geometry

Spring 2021

Problem set #4

due Friday, March 5 at noon

Problem 1. Show that every monomial order ď on SpX1, . . . , Xnq is a
well-order.

Problem 2. Let G be a Gröbner basis of I Ď KrX1, . . . , Xns. Show that
the set V pIq is finite if and only if for all 1 ď i ď n, there is an element
g P G such that lmpgq “ Xt

i for some t ě 0.

Problem 3 (Combinatorial Nullstellensatz). Let A1, . . . , An be finite sub-
sets of K and consider their cartesian product A “ A1 ˆ ¨ ¨ ¨ ˆ An Ă Kn.
Show that tf1, . . . , fnu is a Gröbner basis of the vanishing ideal IpAq Ď
KrX1, . . . , Xns with respect to every monomial order, where

fi “
ź

aPAi

pXi ´ aq.

Problem 4. Let A “ V pIq Ď Kn and B “ V pJq Ď Km be algebraic subsets
and let ϕ : AÑ B be a morphism with corresponding ring homomorphism
ϕ˚ : ΓpBq Ñ ΓpAq. Show that the Zariski closure of the image ϕpAq is
V pkerpϕ˚qq Ď B.

Problem 5 (bonus). Letď be a monomial order on SpX1, . . . , Xn, Y1, . . . , Ymq
such that A ă B whenever A is contained in SpX1, . . . , Xnq but B isn’t con-
tained in SpX1, . . . , Xnq.

Let G be a Gröbner basis of an ideal I Ď KrX1, . . . , Xn, Y1, . . . , Yms.

a) Show that G X KrX1, . . . , Xns is a Gröbner basis of the ideal I 1 “
I XKrX1, . . . , Xns of KrX1, . . . , Xns.

b) Show that the Zariski closure of the image of V pIq Ď Kn`m under the
projection to Kn (projecting to the first n coordinates) is V pI 1q Ď Kn.

Problem 6 (bonus). Let ď be any monomial order on KrX1, . . . , Xns and
let 0 ‰ f, g P KrX1, . . . , Xns. Show that if gcdplmpfq, lmpgqq “ 1, then 0 is
a reduction of

Spf, gq “
M

ltpfq
¨ f ´

M

ltpgq
¨ g

1



with respect to tf, gu, where M “ lcmplmpfq, lmpgqq “ lmpfgq.
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