Math 288X: Algorithms in Algebra and
Number Theory

Fall 2021
Problem set #b5

Assume that we can do arithmetic in F, and choose an element uniformly
at random in O(1).

Problem 1. Verify Lemma 8.3: X7 — X = uy(X)vy(X), where

ug(X) = X2 _ x p (X) = X@ V21 ifgisodd

r—1 )
uq(X)=ZX2Z, vg(X) = ug(X) +1 if g =2".
i=0

Problem 2 (Berlekamp’s algorithm). Let f € F;[X] be a squarefree poly-
nomial.

a) Show that the number of irreducible factors of f is the dimension of
the [F,-vector space {t € F,[X]/(f) : t7 = t}.

b) Show that we can find the number of irreducible factors in time (5(71‘” +
nlogq), where w > 2 is a matrix multiplication exponent.

c¢) Let P = [4]/q. Show that there is a randomized algorithm that finds

a splitting f = gh in time @(nw + nlogq), where deg(g) = k with
probability (7)P*(1— P)"=*.

d) Show that there is a randomized algorithm that factors f in expected
time O(n“ + nlogq).

Problem 3. Assume that we can do arithmetic in the field K in O(1).
Let f € K[X] be a polynomial of degree n and let g1,...,g9x € K[X] be
polynomials of degrees mq,...,mp > 1. Show that we can compute the
largest numbers e1,...,e; = 0 such that g;* | f for all 1 < ¢ < n in time
O(n +my + -+ my).

Hint: First, find the smallest power of two greater than e;. Then, use a
binary search.



Problem 4. Let f € F,[X] be a polynomial of degree n with n distinct
roots in Fy. Let P = [2]/q and let u4(X) and v,(X) as in Lemma 8.3. Pick
(a,b) € Fg uniformly at random. Write f = gh with

g = ged(f, uq(a + bX)), h = ged(f,vg(a + bX)).

Show that E(deg(g)) = nP and Var(deg(g)) = nP(1— P). (Hence, we could

have used random linear polynomials a + bX instead of random polynomials
ag + -+ + ap—1 X" ! in the algorithm for Lemma 8.3 and this would still
suffice for Theorem 8.4. That’s what Cohen does in Algorithm 3.4.6.)

Problem 5 (bonus). Let f € F,[X] be a squarefree polynomial of degree n
with k irreducible factors.

a) Show that disc(f) € F is a square if and only if k =n mod 2.
Hint: Let 7,...,7, € F, be the roots of f. Consider the action of the
Frobenius automorphism ¢g : g — Fg on [[;_;(ri — ).

b) Show that we can compute k mod 2 in O(n + logq). (I don’t know
how to compute k this quickly, even if f splits into linear factors!)



