Math 288X: Algorithms in Algebra and

Number Theory

Fall 2021
Problem set #3

Problem 1. Show that for a real number x € R, you can compute 1/x up to
a relative error of at most 27" in time O(n) (using only the first n nonzero
digits of ) on an O(logn)-bit RAM.

Problem 2 (Binary ged). a) Let x,y € Z with va(x) < va(y) < 00. Show

d)

that there is a unique pair (q,r) satisfying = qy + r where ¢ € Q is a
rational number whose denominator is a power of 2 satisfying |¢| < 1,
and r is an integer with va(r) > va(y). We will write ¢ = |z/y|2 and
r = xmods y.

Show that you can compute |x/y|2 and x mods y for (binary) integers
with < n bits in time O(n) on an O(logn)-bit RAM.

Let ap be an odd integer and let a; be an even integer. As long as
a;11 # 0, let a;49 = a;modsa;11. Assume that ag and a; have at
most n (binary) digits. Show that this process terminates after O(n)
steps. (For some k < O(n), we have ag+1 = 0.)

Hint: Think about how quickly the sequence ag, a1, a9,... can grow.
How quickly must it grow if a; # 07

Show that if ag # 0, a1 = 0, then the greatest common divisor of ag
and a; is the odd part aj, - 272(@%) of ay.

Like before, we assume that arithmetic in K can be done in O(1).

Problem 3. a) Let f,g € K[X] be polynomials of degree at most n = 0.

Show that you can compute ged(f, g) in time
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where m > 0 is the degree of ged(f, g).




b) Given polynomials fi,..., fr € K[X] of degree at most n, show that
you can compute ged(f1, ..., fr) in time O(u(n)(k + log(n + 1))).

Problem 4 (Chinese remainders). Let f1,..., fx,r1,...,7x € K[X] be poly-
nomials of degree at most n > 0 and assume that fi,..., fi are pairwise
coprime. Show that you can find a polynomial g € K[X] of degree less than
nk such that ¢ = r; mod f; for all i in time O(u(nk)log(nk)log(k)) (for
large n, k).

Problem 5. a) Show that for large n, the integer n! has 6(nlogn) digits.

b) Show that you can compute n! in time O(nlogn) on an O(logn)-bit
RAM.
(2m)!

Hint: Compute (*7) = “7E. How often does a prime p divide (*7)?




