
Math 288X: Algorithms in Algebra and
Number Theory

Fall 2021

Problem set #1

Problem 1 (Karatsuba’s algorithm). Let R be a commutative ring. Con-
sider the following algorithm:

1: function Karatsuba(f, g P RrXs)
2: Let n “ maxpdegpfq,degpgqq.
3: Write f “

řn
i“0 aiX

i and g “
řn

i“0 biX
i.

4: if n “ 0 then
5: return a0 ¨ b0.
6: else
7: Write fpXq “ ppX2q `X ¨ qpX2q and gpXq “ rpX2q `X ¨ spX2q

with polynomials p, q, r, s P RrXs.
8: Compute u “ Karatsubapp, rq.
9: Compute v “ Karatsubapq, sq.

10: Compute w “ Karatsubapp` q, r ` sq.
11: return upXq `X ¨ pwpXq ´ upXq ´ vpXqq `X2 ¨ vpXq.
12: end if
13: end function

a) Show that Karatsubapf, gq “ f ¨ g.

b) Show that for large n, Karatsubapf, gq has running time θpnlogp3q{ logp2qq
on an Oplog nq-bit RAM with Op1q arithmetic in R.

c) What’s wrong with the following proof by induction that the run-
ning time is Opn ` 1q? The claim is clear for n “ 0. Assume we’ve
shown the claim for all n1 ă n. Now, lines 8–10 have running time
Op3pmaxpdegppq, degpqq, degprq, degpsqq`1qq “ Opn`1q by induction.
The remaining lines have running time Opn` 1q, so the total running
time is Opn` 1q, completing the induction.

Problem 2. Assume you’re given an algorithm that can multiply two poly-
nomials f, g P RrXs of degrees less than n in time T pnq.
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a) Describe an algorithm that can multiply two polynomials f, g P RrXs
of degrees less than n and m with n ě m ě 1 in time Op nm ¨ T pmqq.

b) Describe an algorithm that can multiply two polynomials f, g P RrX,Y s
in which every monomial XiY j satisfies i ă n and j ă m in time
OpT p2nmqq.
(Hint: Consider the polynomials fpX,X2n´1q and gpX,X2n´1q.)

Problem 3. a) Let m ě n ě k ě 0 be integers and let g P FprXs
be a polynomial of degree n. Choose a polynomial f P FprXs with
degpfq ă m uniformly at random. Show that degpf mod gq ă k with
probability p´pn´kq.

b) For any polynomials f, g, let spf, gq be the number of steps taken by
the Euclidean algorithm on f, g. (Specifically, spf, gq “ 0 if g “ 0, and
spf, gq “ spg, f mod gq`1 otherwise.) Let n ě 1. Choose polynomials
f, g P FprXs with degpfq, degpgq ă n uniformly at random. Show
that the expected value of spf, gq is Ωpnq. (In other words: there is a
constant C ą 0, independent of n and p, such that Epspf, gqq ě C ¨n.)

Problem 4. Show Lemma 1.1.1: Let ζn P R be a root of the n-th cyclotomic
polynomial φn. Then:

a) ζnn “ 1.

b) For any d | n, ζdn is a root of φn{d.

c) For any a P Z,

ÿ

iPZ{nZ
ζain “

#

0, a ı 0 mod n,

n, a ” 0 mod n.
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