Math 286X: Arithmetic Statistics
Spring 2020
Problem set #6

Problem 1. Let n > 1.

2)

Show that, up to isomorphism, there are exactly [5]| + 1 degree n
extensions K of R.

Solution. In class, we counted degree n extensions of a finite field I,
using the fact that IF, has exactly one field extension of any given
degree. In this problem, we use the same method over R, which has
only the two field extensions R and C.

The degree n extensions are exactly the products of the form CF x

R™%F with 0 < k < 5] 5
([Bha07, Proposition 2.4]) Show that
l%J
deg%:e n #AUtJR “ 2k El(n — 2k kl(n — 2k)! =P(n* =id | 7 € 5,).

extension K|R

Solution. The extension C* x R"~2* has exactly 2¥ - k!(n — 2k)! auto-
morphisms. (The automorphism group is generated by complex conju-
gation on the complex factors, permutation of the complex factors, and
permutation of the real factors. It is isomorphic to (Ca? Sk) X Sp—2k.)
We have seen that the probability that a random 7 € S, consists of k
two-cycles and n — 2k one-cycles is m It only remains to note
that a permutation 7 satisfies 72 = id if and only if it consists only of
two-cycles and one-cycles. O

Problem 2. Let K be a nonarchimedean local field with prime ideal p and
residue field F,.

a)

Show that {, |z|dz =1— q}r—l.



Solution. Since O = Oj; L TOk, we have (using the change of vari-
ables formula for y — x = 7y and the fact that |7| = ¢~ !):

f |x|dz = J
Ok @

|x|dz +f |x|dx

K Ox
= J ldz + j |ry| - |7|dy
0% Ox

g q? j jz|da.
Ok

This implies that

1—q! 1 1
f |x|dx = q72 = —=1- ]
Ox 1—gq 1+¢q qg+1

(Alternatively, just write Ox = | |;~q 78O} and note that |z| is the
constant ¢~* on the set 7*O% of measure ¢=*(1 — ¢g71).) O

b) Let f(X) € Ok[X] be a polynomial such that f/(X) mod p has k
simple roots in F, and no roots of higher multiplicity in F,. For any
y € Ok, let m(y) be the number of z € Ok such that f(z) = y. Show
that

k
my)dy =1 — ——.
‘LK (y)dy |

(This is the expected number of preimages of a random element y € O
under the map f: Og — Ok.)

Solution. By Hensel’s lemma, we can write f/(X) = (X —ay)--- (X —
ar) - g(X) mod p, where ay,...,a; € Ok are distinct and g(X) €
Ok[X] is a polynomial with no roots modulo p. Note that v,(g(x)) =
0, so vp(f'(x)) = X, vp(x — a;) for any = € O. Also note that, since
a; # a; mod p for all i # j, at most one of the numbers v,(x — a;)
can be nonzero for any z € Og. In other words, we have |f/(z)| =
[I; |z — @], and at most one of the numbers |z — a;| is not 1. This
implies that |f'(z)| = [[; |z —as] = 1 — >,(1 — | — a;]). Changing



variables, we have

LK mlp)dy = [ 17/@)lds

Ok

_ LKu - ;(1 |z — ai))de
_ LK dz _EJOK(l o — ag))da

By part a) and SOK dr = 1, this is

T SR S O
iq+1 q+1

Problem 3 ([Ser78, Section 4]). Let K be a local field with normalized
valuation v and let n > 1.

a) Show that the discriminant of an Eisenstein polynomial f(X) = a, X"+
an 1 X" 1+ +ap € Og[X] with a, = 1 satisfies

v (disc(f)) = min (i — 1 + nvg (ia;)).

1<i<n
Solution. Let m be a root of f(X). We have

disc(f) = £ Nmg ) x (f (7)),

so, denoting the extension of vx to K () also by vy, we get

onlaise()) = - (/7)) = - v D i)

i=1

Since vk (m) = 1, no two of the valuations vg (ia;m" 1) = vk (ia;) +

% e 7Z + % are the same. Hence, the valuation of the sum is
. . i—1
miny <i<n (Vi (ia;) + 57), so

vi (disc(f)) = min (nvg(ia;) +i—1). O

1<isn

b) Show that K has infinitely many separable totally ramified field ex-
tensions of degree n if and only if char(K) | n.



Solution. Let char(K) 1 n. By part a), we have vg (disc(f)) < nvg(n)+
n—1 < oo for any monic Eisenstein polynomial f(X) = X" +a, 1 X" '+
-+ ag € O. This implies that separable totally ramified field exten-
sions L of degree n have bounded discriminant. Therefore, in Serre’s

mass formula 1
Z ’DL\K| = qn—l’

Lc KsepP
tot. ram.
of deg. n

the summands are bounded from below by a positive constant. Hence,
there are only finitely many summands.

On the other hand, if char(K) | n, then nvg(n)+n—1 = oo, so the dis-
criminant of a monic Eisenstein polynomial f(X) = X" +a, 1 X" 1+
-+ 4+ ag € O satisfies v (disc(f)) = minj<i<n—1(nvK(ia;) + i — 1).
By choosing ay,...,a,—1 # 0 of sufficiently high valuation, we can
make v (disc(f)) arbitrarily large (but finite). Hence, there are in-
finitely many possible discriminants, and in particular infinitely many
separable totally ramified extensions. O

Show that K has infinitely many field extensions of degree n if and
only if char(K) | n.

Solution. Let char(K) 1 n. Any degree n extension L of K has a
maximal unramified subextension F. Then, L is a totally ramified
extension of F. There are only finitely many unramified extensions
F of K of degree dividing n (one for each degree). By part a), any
such extension F' has only finitely many totally ramified extensions of
degree n/[F : K]. O

(bonus) Let d > 0. Show that K has a totally ramified field extension
L of degree n with vx(Dpg) = d if and only if

n-vg(l) <d—n+1<n-vg(n),

where 1 <l <nwithl=d+1 mod n.

Solution. Let us compute the possible values of b;(f) = i—1+nvk (ia;)
for each i, where f(X) = a, X" +---+ap is a monic Eisenstein polyno-
mial as in part a). For i = n, we always have b;(f) =n — 1+ nvg(n).
For 1 < i < n — 1, the set of possible values for b;(f) is {i — 1 +



nug(i) +n-t|te?Z, t =1}. Since b;(f) only depends on a;, we can
choose by(f),...,bn(f) independently. Since b;(f) =i—1 mod n, we
have d = v (disc(f)) = minj<;<, b;(f) if and only if d = b;(f) < b;(f)
for all i. It is easy to see that this can be arranged if and only if
n-vg(l)<d—n+1<n-vgn). O

e) (bonus) Compute the number of totally ramified field extensions L —
K% of K of degree n with vk (D k) = d.

Solution. Assume that the condition in d) is satisfied, so there is at
least one such extension.

Let P, 4 < O% be the set of monic degree n Eisenstein polynomials
such that vi(disc(f)) = d. As in the proof of Serre’s mass formula
discussed in class, it follows that

¢ '(1—q HIDpg| =n-vol(Pya).
LCKseP

tot. ram.
of deg. n

with ’UK(DL‘K):d

Note that |Dp, x| = ¢k (PLix) = g~ g0 all summands on the left-

hand side are (1 — ¢~1)g~%"!. Staring at a) and d) for a while (see

Serre’s paper), you can show that vol(P, 4) = (1 —¢~1)ag ™7, where

1, d+1=0 mod n,
o =
qg—1, d+1#0 modn,
and

B = :Lz:llmax (0, [CH;_’J - vK(i)> :

Hence, the number of L as above is

aqd—n+1—6' D

Problem 4. Let S; be a degree ny extension and let Sy be a degree ns
extension of a Dedekind domain R.

a) Show that the tensor product S = S1®p.S2 is a degree n; -ny extension
of R.



Solution. The tensor product of finitely generated modules is clearly
finitely generated. The tensor product of torsion-free modules is torsion-
free. The tensor product of vector spaces of dimensions ni,ng is a
vector space of dimension n - ns. ]

b) Show that disc(S|R) = disc(S1|R)™ - disc(S2|R)™. (Hint: Look up
the discriminant of a Kronecker product of matrices or the proof of
Proposition 1.2.11 in [Neu99|. First show the claim for principal ideal
domains R. )

Solution. If R is a principal ideal domain, then Si,S59 are free R-
modules, so they have R-bases (w;)i<i<n, and (0;)1<i<n,- Then, S =
S1® 852 has R-basis (wiir)1<i<n,, 1<i'<n,- The discriminants of Sy, S,
S are the ideals generated by the determinants of A; = (Tr(w;wj))i j,
A2 = (Tl"(eilej’))i’,j/, A = (Tr(wiwﬂi/ej/))(i’i/)’(j’j,). The third ma-
trix A is the Kronecker product of the first two matrices A7 and As.
Therefore, we have det(A) = det(A41)"2 det(Ag)™, proving the claim.

For general Dedekind domains R, it suffices to show that two sides of
the claimed equality are divisible by any (nonzero) prime ideal p of R
the same number of times. To prove this, we can base change to the
localization of R at p (or to its completion at p if you prefer), which
is a principal ideal domain. O
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