Math 286X: Arithmetic Statistics
Spring 2020
Problem set #6

Problem 1. Let n > 1.

a) Show that, up to isomorphism, there are exactly [§]| + 1 degree n
extensions K of R.

b) ([Bha07, Proposition 2.4]) Show that
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Problem 2. Let K be a nonarchimedean local field with prime ideal p and
residue field F,.

a) Show that SOK |z|de =1 — q}r—l.

b) Let f(X) € Og[X] be a polynomial such that f'(X) mod p has k
simple roots in F, and no roots of higher multiplicity in F,. For any
y € Ok, let m(y) be the number of 2 € Ok such that f(z) = y. Show

that
k

my)dy =1 — ——.
‘LK (y)dy |

(This is the expected number of preimages of a random element y € Ok
under the map f: Ox — Ok.)

Problem 3 ([Ser78| Section 4]). Let K be a local field with normalized

valuation v and let n > 1.

a) Show that the discriminant of an Eisenstein polynomial f(X) = a, X"+
an1 X" 1+ +ag € Og[X] with a, = 1 satisfies

vi(dise(f)) = min (i — 1 + nvg(ia;)).

1<i<n

b) Show that K has infinitely many separable totally ramified field ex-
tensions of degree n if and only if char(K) | n.



c) Show that K has infinitely many field extensions of degree n if and
only if char(K) | n.

d) (bonus) Let d > 0. Show that K has a totally ramified field extension
L of degree n with vx (D g ) = d if and only if

n-vg(l)<d—n+1<n-vg(n),
where 1 <l <nwithl=d+1 mod n.

e) (bonus) Compute the number of totally ramified field extensions L —
K*%? of K of degree n with vk (D k) = d.

Problem 4. Let S; be a degree ny extension and let Sy be a degree ns
extension of a Dedekind domain R.

a) Show that the tensor product S = S1®g.S2 is a degree n; -ng extension
of R.

b) Show that disc(S|R) = disc(S1|R)"2 - disc(S2|R)™. (Hint: Look up
the discriminant of a Kronecker product of matrices or the proof of
Proposition 1.2.11 in [Neu99|. First show the claim for principal ideal
domains R. )
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