
Math 286X: Arithmetic Statistics

Spring 2020

Problem set #5

Problem 1. Consider a measure-preserving action of a countable group
G on a set X. Let rF be a measurable almost fundamental domain for
this action, with volume 0 ă volp rFq ă 8. Show that the corresponding
fundamental domain F also has volume 0 ă volpFq ă 8.

Problem 2. Order the full integer lattices Λ Ď Zn by their covolume.

a) Let e1, . . . , en be the standard basis of Zn. Show that

Ppe1 P Λ | Λ Ď Zn full latticeq “ 0.

b) Let π : Zn Ñ Zn´1 be the projection onto the first n´ 1 coordinates.
Then, πpΛq Ď Zn´1 is always a full lattice. Show that

PpπpΛq “ Zn´1 | Λ Ď Zn full latticeq “
1

ζp2q ¨ ¨ ¨ ζpnq
.

Problem 3 (Mahler’s criterion). Equip GLnpZqzGLnpRq with the quotient
topology. Let X be a closed subset of GLnpZqzGLnpRq. Show that X is
compact if and only if there exist 0 ă C ď C 1 ă 8 such that the successive
minima λ1 ď ¨ ¨ ¨ ď λn of any lattice Λ corresponding to an element of X
satisfy C ď λ1 ď ¨ ¨ ¨ ď λn ď C 1.
Hint: Use the Iwasawa decomposition and Siegel’s almost fundamental do-
main.

Problem 4 (lattice points in cusps). For any α P R and any X ą 0, consider
the compact set

SαpXq “ tpx, yq P R2 | 1 ď x ď X and |y ´ αx| ď
1

x
u

and let NαpXq “ #pSαpXq X Z2q.

a) Show that its Lebesgue measure is volpSαpXqq “ 2 logX.
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b) (strangeness) Let α “ p
q with gcdpp, qq “ 1. Show that

NαpXq “
X

q
`Opqq.

c) (Dirichlet’s approximation theorem) Show that for any α P R, we have

lim
XÑ8

NαpXq “ 8.

d) (averaging) For any a ă b, show that

1

b´ a

ż b

a
NαpXqdα “ 2 logX `O

ˆ

1`
1

b´ a

˙

.

Problem 5 (smooth functions are swell). Let A be a weighted set on R
whose characteristic function χA : R Ñ Rě0 is smooth and whose support
is bounded. Let k ě 0. Show that

#ppT ¨Aq X Zq “ T ¨ volpAq `OA,kpT
´kq

for T Ñ 8. (Note that the error term is much better than the error term
Op1q we would get if A were an interval!)
Hint: For example, apply the Poisson summation formula or the Euler–
Maclaurin formula (both use integration by parts).

Problem 6. Fix a number n ě 1 and let GLnpRq “ NAK and SLnpRq “
NA1K1 be the Iwasawa decompositions defined in class.

a) Let B “ pRą0qn´1 (with Haar measure dˆb “
ś

i b
´1
i dbi) and consider

the isomorphism B Ñ A1 sending b P B to a P A1, where bni “
ai`1{ai and conversely ai “ pb1 ¨ ¨ ¨ bi´1q

n{pbn´11 ¨ ¨ ¨ bn´1q. Show that
the pull-back of the Haar measure on SLnpRq defined in class along
the diffeomorphism N ˆ B ˆK1 Ñ SLnpRq arising from the Iwasawa
decomposition is as follows (with pn, b, kq P N ˆB ˆK1):

nn´2 ¨
n´1
ź

j“1

b
´njpn´jq
j dˆndˆbdˆk.

b) Let rF “ N 1A1K Ă GLnpRq be Siegel’s almost fundamental domain for
GLnpZqzGLnpRq. Compute the volume of rF X SLnpRq with respect
to the Haar measure on SLnpRq defined in class.

Problem 7. Don’t worry, be happy.
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