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Lattices and maximal extensions

Let R be a Dedekind domain with field of fractions K. By a prime p, we
mean a nonzero prime ideal of R. For any prime p, denote the localization of
R at p by Ry, the p-adic completion of R by Rp, and the p-adic completion
of K by K. (In class, we denoted the completions by R, and K,.)

A full R-lattice in K™ is a finitely generated R-submodule A € K™ whose
elements span the K-vector space K™. (This is equivalent to A@Qr K ~ K™.
It is also equivalent to the assumption that aR®™ <€ A < bR™ for some
a,be K*.) For example, the full R-lattices in K are exactly the (nonzero)
fractional ideals of R.

1 Localization

If T}, is a subset of Ry for all p, we write ﬂp T, for the set of x € K™ such
that x € T}, for all p.

Theorem 1 ([Rei03, Theorems 4.21, 4.22]). Consider the set of full R-
lattices A in K™ and the set of tuples (Ay),, where Ay is a full Ry-lattice in
Ky for all p and Ay = Ry for almost all p. We then obtain a bijection

{A} ——— {(Ap)p}
A ——— (A®r Ry)y,

ﬂp Ap ——— (Ap)y-

For example, a fractional ideal a corresponds to the tuple (p”*’(“)))3 of frac-
tional ideals of the localizations R,. Also, note that A@r Ry = Ry - A =
(R\p)~'-Ac K"

Proof. “— is well-defined” Let aR™ < A < bR" as above. For all primes
p with vy(a) = vp(b) = 0 (these are all but finitely many), we have
a,be Rpx, so Ry = aR) € AQrR, € DRy = Ry Hence, A®rRy, = Ry
for almost all p.



“<— is well-defined” Note that p" Ry < Ay S pb*’Rg’ for some ap < by,
where a, = b, = 0 for almost all p. Then, A = ﬂp A, satisfies
[[p*R" < AcT], p’ R™, so A is a full lattice in K™.

“eo0—=1id” Let A as above. We need to show that [),(A ®r Ry) = A.
The inclusion 2 is clear. To prove <, take any z € [ ),(A ®r Ry).

For each p, there exists some a, € R\p such that ayz € A. The set I of
b € R such that bz € A forms an ideal. Since it isn’t contained in any
of the nonzero prime ideals p, we have I = (1), so x € A.

“— o0 «=1d” Let (Ap), as above, and let A = (1), Ap. Clearly, A®gr Ry, <
Ap. Again, p* R} € Ay © pbPR{} for some ap < by, where a, = b, =0
for almost all p. Fix a prime p and let x € A,. For any q, let ¢4 be
the smallest nonnegative integer such that q“x € A;. For almost all
p, we have ¢; = 0. By the Chinese remainder theorem, there exists
some t € K* such that vy(t) = 0 and such that vy(t) > ¢4 for all
q # p. Then, tr e A = ﬂq A4. On the other hand, ¢t € R, so indeed
=tz e AQRg Ry. O

Theorem 2 (|Rei03, Theorem 11.2]). Let S be a degree n extension of R.
Then, S is a mazimal extension of R if and only if S ®gr Ry is a maximal
extension of Ry for all p.

Proof. “=" Let S be a maximal extension of R. For every p, let S{J -
S ®r Ry be a degree n extension of Ry, and let Sé = S ®r Ry for
almost all p. Then, S < ﬂp S{J c S®pg K is an R-lattice of rank n,
which is closed under multiplication. Hence, ﬂp S{, 2 S is a degree n
extension of R. Since S is maximal, this implies that (1), S, = S. In
follows that S{J = S®gr R, for all p. Hence, each S®g R, is a maximal
extension of Ry.
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Assume that S ®r Ry is a maximal extension of Ry for all p. Let
S’ 2 S be a degree n extension of R. Then, S’ ®r Ry, 2 S ®r Ry is
also a degree n extension of R,. By maximality, S’ ®r Ry = S ®g Ry
for all p. But then, 8" = S. Hence, S is a maximal extension of R. []

2 Completion

If T, is a subset of Rg for all p, we write ﬂp T, for the set of z € K" such
that x € T}, for all p.



Theorem 3 ([Rei03, Theorem 5.3]). Consider the set of full R-lattices A in
K" and the set of tuples (Ay)y, where Ay is a full Ry-lattice in Ky for all p

and Ap = RQ for almost all p. We then obtain a bijection

{A} «——— {(Ap)p},
Ar—— (A ®R }A‘Zp)m

ﬂp Ap ——— (Ap)y-

Proof. Since the p-adic completion of R, is the same as the p-adic completion
of R, Theorem [I]shows that it suffices to consider local rings R, i.e. Dedekind
domains with only one prime p. Both maps are well-defined.

“— o0 —>=1d” Let A as above. Since R is a principal ideal domain, the

R-lattice A is free. Performing a change of basis, we may assume that
A = R" ¢ K™ We then need to show that {x € K" | z € Rp} = R",
which is clear since for t € K, t € Rp and t € R are both equivalent to
vp(t) = 0.

“>o0«—=1id” Let Ay, C f(p as above, and let A = {x € K" | x € Ay}.
Let paf%g < Ap. We then have p*R"™ < A, so paf%g c A®g Rp.
Furthermore, for any = € Ay, there exists some y € K" such that
T —y € paRg. Then, we also have y € Ay, so y € A. But since

PR} < A®p R, it follows that z € A ® R, O

Theorem 4 ([Rei03, Corollary 11.6]). Let S be a degree n _extension of R.
Then, S is a mazimal extension of R if and only if S ®r Ry is a mazimal
extension of Ry for all p.

Proof. This follows exactly like Theorem O
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