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Spring 2020

Some ideas for final papers

Here are some ideas for the 10–15 page final papers (in arbitrary order).
You are of course more than welcome to come up with your own topics!

1. Asymptotics for regulator times class number: We proved in class that

ÿ

K imaginary quadratic
0ă´DKďT

hK „ C ¨ T 3{2.

A somewhat similar proof (where RK is “the size” of the stabilizer)
should show that

ÿ

K real quadratic
0ăDKďT

RKhK „ C 1 ¨ T 3{2.

(I haven’t checked whether this actually works, though! It might be
too difficult for a final paper.) The (presumably more difficult) case
of cubic number fields was treated using similar methods in Wilson’s
thesis [Wil13, section 2].

2. Lattice reduction theory: We’ve discussed Minkowski reduced lattice
bases and will discuss Hermite reduced lattice bases. However, there
are many more notions of reduced bases. Most famously, LLL (Lenstra–
Lenstra–Lovász) reduced bases can be computed in polynomial time.
(This has plenty of applications to computational number theory and
CS.) The original reference is [LLL82], but you can also find more
modern treatments online.

3. Siegel’s second finiteness theorem: We’ve seen in class that the set
of Minkowski reduced bases in dimension two is described by finitely
many inequalities (|b1| ď |b2| and 2|b1 ¨ b2| ď |b1|

2). The same holds in
any dimension. An explanation of the proof and some more examples
would be nice. A reference is [Sie89, chapter III, mostly lectures XI–
XIV].
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4. Squarefree sieve using the ABC conjecture: Granville showed in [Gra98]
that the ABC conjecture implies that for fpXq P ZrXs of any degree,

Ppfpxq squarefree | x P Zq “
ź

p

Ppfpxq ı 0 mod p2 | x P Zq.

This is proven using so-called Belyi functions. (Reading the litera-
ture on Belyi functions might require familiarity with basic algebraic
geometry.)

5. Computing number fields: We’ve computed upper and lower bounds
for the number of number fields K of degree n with |DK | ď T . How
can you find all of them? A reference is [Coh00, chapter 9].

6. Probability that a root of a random polynomial generates its ring of
integers: In [ABZ07], the authors conjecture that a root of a random
monic polynomial fpXq P ZrXs (ordered by maximum coefficient) gen-
erates the ring of integers of K “ QrXs{fpXq with probability ζp2q´1.
This was later proven in [BSW16] (ordering fpXq by height). The
latter proof is rather involved, but the heuristic explanation given in
[ABZ07] is more accessible (and certainly sufficient for a final project).

7. Artin’s primitive root conjecture: (topic pointed out to me by Alexandr
Petrov) Fix some integer a P Z. For a random prime number p, what
is the probability that a mod p generates Fˆp (i.e., a is a primitive
root modulo p)? Using the Chebotarev density theorem, a careless
sieve provides a (conjectural) answer. M. Ram. Murty [Mur88] has
written a nice exposition on the topic. A thorough explanation for the
conjecture and an upper bound for the probability (and maybe a short
sketch of the proof of one of the known results) would be nice.

8. Ehrhart polynomials: Let P Ă Rn be a polytope whose vertices have
integer coordinates. For any positive integer T , let fpT q “ #pT ¨
P X Znq. It turns out that fpT q is given by a polynomial with ratio-
nal coefficients. (Widmer’s theorem tells us that the leading term is
volpP q ¨ Tn.)
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