
Math 223a: Algebraic Number Theory

Fall 2020

Problem set #1

due Friday, September 11 at 10:30am

Problem 1. Let n ě 1 and a P Z. Show that the equation xn “ a has a
solution x in Z if and only if it has a solution in R and a solution in Zp for all
primes p. (Hence, the equation xn “ a satisfies the local-global principle.)

Problem 2. Consider the number field K “ Qp
?
´5q.

a) Show that the ideal p2q of K ramifies: p2q “ p2 for some prime ideal p.

b) Show that p is not a principal ideal.

c) Find a generator of the maximal ideal of the localization of OK at p.

Problem 3. Consider a nonzero element a of a finite field Fq and any integer
n ě 1. Show that a “ xn for some x P Fq if and only if apq´1q{ gcdpq´1,nq “ 1.
(Hint: Use that the group Fˆq is cyclic.)

Problem 4. Let L be a Galois extension of Q with Galois group S3. Let
K3 be the degree 3 extension of Q fixed by xp2 3qy Ă S3. Let K2 be the
degree 2 extension fixed by xp1 2 3qy Ă S3. Show that no prime p of Q is
inert in both K3 and K2.

Problem 5. Consider any polynomial fpX1, . . . , Xnq P ZrX1, . . . , Xns and
any prime number p. Assume that for all k ě 0, there exist x1, . . . , xn P Z
such that fpx1, . . . , xnq ” 0 mod pk. Show that there exist y1, . . . , yn P Zp

such that fpy1, . . . , ynq “ 0.
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