Math 223a: Algebraic Number Theory

Fall 2019
Homework #8

due Tuesday, November 5 at noon

Problem 1. Let L|K be a finite field extension with Galois group Gal(L|K) =~
Z/nZ generated by o.

a) Let a € L. Show that there exists some b € L such that a = b — o(b) if
and only if Try g (a) = 0. (Additive Hilbert 90)

b) Assume K is a local field. Show that there exists some integer n = 0
such that the following holds for all a € p’: There exists some b € Oy,
such that a = b — o(b) if and only if Try i (a) = 0. (Integral additive
Hilbert 90)

Problem 2. Let (a,b) = (?2’3’)2 be the Hilbert symbol for K = Qy and
n = 2. Show that

2 a2— a— —
(25 - a, 2t . b) — (71)5.b < 1+t.T1+T1'b?1

for all a,be Z and s,t € Z.

Problem 3. a) Is there a field extension L|Q with a basis («, 3,7) such
that Npg(aa + Bb+~c) = a’ 4 763 + 49¢® — 21abe for all a,b, c € Q?

b) Is there a field extension L|Q with a basis («, 3, v) such that Ny q(aa+
Bb+ye) = a® + 7b3 + 49¢® — 21abe + a’c for all a,b,c e Q?

Problem 4. Show that an element z of Q3 can be written as
z = a*—4a*b* +4b*—6a** —120** +9c* +48abed—12a> d* —24b*d* — 362 d? +36d*

with a, b, c,d € Q3 if and only if x € Q;Q. (You may use a computer algebra
system.)



