
Math 223a: Algebraic Number Theory

Fall 2019

Homework #4

due Thursday, October 3 at noon

Problem 1. Let L|K be an unramified extension of local fields and let
Fqn |Fq be the corresponding extension of residue fields. Show that L “

Kpζqn´1q.

Problem 2. Let K be a local field. Equip Z with the discrete topology.
Show that the group isomorphism OˆK ˆ Z Ñ Kˆ sending px, nq to xπnK is
a homeomorphism.

Definition. Let K be a local field. A polynomial fpXq “ anX
n`¨ ¨ ¨`a0 P

KrXs is called an Eisenstein polynomial if vKpanq “ 0, vKpan´1q ě 1, . . . ,
vKpa1q ě 1, and vKpa0q “ 1.

Problem 3. Let K be a local field with residue field κK – Fq. Consider an
Eisenstein polynomial fpXq P KrXs of degree q´ 1. Let α P K be a root of
fpXq and L “ Kpαq.

a) Show that L is a Galois extension of K.

b) What is the Galois group of L over K?

Problem 4. Let L|K be an unramified degree n extension of local fields
and let Fqn |Fq be the corresponding extension of residue fields.

a) Show that the norm map NmFqn |Fq
: Fˆqn Ñ Fˆq is surjective.

b) Show that the trace map TrFqn |Fq
: Fqn Ñ Fq is surjective.

c) Show that the norm map NmL|K : OˆL Ñ OˆK is surjective.

d) Show that the image of the norm map NmL|K : Lˆ Ñ Kˆ is the subset
tx P Kˆ | vKpxq ” 0 mod nu of Kˆ (which corresponds to the subset
OˆK ˆ nZ of OˆK ˆ Z).
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Problem 5. Let K be a local field. Consider the projective limit

lim
ÐÝ

UĎKˆ open subgroup of finite index

Kˆ{U,

the set of tuples pxU qU P
ś

U K
ˆ{U such that xUU “ xV U for all U Ě V .

Show that
lim
ÐÝ
U

Kˆ{U – OˆK ˆ pZ.
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