Math 223b: Algebraic Number Theory
Spring 2021
Some ideas for final papers
Here are some ideas for the 7–10 page final papers. You are of course more
than welcome to come up with your own topics!
1. Tate modules and the Weil pairing: Since Erms – pZ{mZq2 , we have
k
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lim
ÐÝkÑ8 Erl s – pZl q . This is called the Tate module of E. An isogeny
between elliptic curves induces a map of Tate modules, which can be
represented by a 2 ˆ 2-matrix with entries in Zl . It encodes a lot
of useful information: For example, the degree of the isogeny is the
determinant of this matrix. (See for example Chapters III.7 and III.8
in [Sil09].)
2. Elliptic curves over C: An elliptic curve over C is (both analytically
and as a group) isomorphic to C{Λ for a lattice Λ Ă C of rank 2. One
can for example easily see the endomorphism ring of an elliptic curve
from the lattice Λ. (See for example Chapter 2.2 in [ST15] or Chapter
VI in [Sil09].)
3. Complex multiplication: In fall, we very explicitly constructed the
maximal abelian extension K ab of a field K when K is a local field or
K “ Q. The case of general number fields is more difficult. The theory
of complex multiplication provides a way to construct K ab when K is a
quadratic imaginary number fields. This involves looking at particular
elliptic curves associated to K. (Kronecker’s Jugendtraum) See for
example [Cox13] or [67, Chapter XIII] or [ST15, Chapter 6] or [Sil94,
Chapter II].
4. Abelian varieties over C: Any abelian variety is isomorphic to Cg {Λ
for a lattice Λ Ă Cg of rank 2g. However, not every lattice arises from
an abelian variety. A necessary and sufficient criterion is that there is
a positive definite Hermitian form x¨, ¨y on Cg with xa, by P Z for all
a, b P Λ. There’s also a nice interpretation of the Jacobian of a curve.
This topic requires good knowledge of complex analysis and the theory
of Riemann surfaces. (See for example Chapter I.2 in [Mil08] for a very
short introduction, and then [Mur93].)
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5. The Nagell–Lutz theorem: Roughly speaking, torsion points on elliptic
curves have integer coordinates. (See for example Chapter 2 in [ST15].)
6. The Bombieri–Lang conjecture: This is a generalization of Faltings’s
theorem on curves of genus g ě 2 to higher dimensional varieties.
(There’s a nice account and an example application on Terence Tao’s
blog: [Tao14])
7. Elliptic curve factorization: Elliptic curves can be used to factor integers. (See for example Chapter XI.2 in [Sil09].)
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