
Math 288X: Algorithms in Algebra and
Number Theory

Fall 2021

Problem set #4

Let µpnq “ n log n log logn.

Problem 1 (Computing resultants). a) Let f, g P KrXs be polynomials
with f ‰ 0. Show that

Respf, gq “ lcpfqdegpgq´degpg mod fq ¨ Respf, g mod fq,

where lcpfq is the leading coefficient of f .

b) Assuming that arithmetic in K can be done in Op1q, show that you
can compute the resultant of polynomials f, g P KrXs of degree at
most n in time Opµpnq log nq on an Oplog nq-bit RAM (for large n).

Problem 2 (Subresultants). a) Show that for nonzero polynomials f, g P
KrXs of degrees n,m, the degree of gcdpf, gq is the smallest integer
0 ď d ď minpn,mq such that the linear map

ϕd : KrXsăm´d ˆKrXsăn´d Ñ KrXsăn`m´2d

sending pa, bq to tpfa` gbq{Xdu is an isomorphism.

b) Denote the determinant of ϕd (with respect to the standard bases
p1, . . . , Xe´1q of KrXsăe) by sdpf, gq. Assuming

fpXq “
n
ź

i“1

pX ´ αiq and gpXq “
m
ź

i“1

pX ´ βiq,

show that sdpf, gq is a homogeneous polynomial in α1, . . . , αn, β1, . . . , βm
of degree pn´ dqpm´ dq.

Problem 3 (Primes in FqrXs). Let Fq be a finite field and assume that we
can perform arithmetic in Fq in time Op1q, and that the RAM is given a list
of the elements of Fq. Let rµ be the Möbius function.
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a) Show that the number of elements of Fq that are not contained in a
proper subfield is

ř

d|n rµ
`

n
d

˘

qd.

b) Show that the number of irreducible monic polynomials f P FqrXs of
degree n is 1

n

ř

d|n rµ
`

n
d

˘

qd — qn{n.

c) Show that you can find all irreducible monic polynomials f P FqrXs
of degree at most n in time Opqnnq (for large n) on an Opn log qq-bit
RAM.

d) Show that you can compute the determinant of an nˆn-matrix whose
coefficients are polynomials in FqrXs of degree at most d in time
Oqpn

ω`1dµplogpndqqq on an Oqplogpndqq-bit RAM (for large n, d).
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